This study deals with an incorrectly posed, plane elasticity, boundary value problem for a strip. The strip is loaded by a concentrated load of known intensity applied to one side and the displacements on this side are also known. The problem is therefore over-determined on one side of the boundary; in contrast no boundary conditions are specified on the other side of the strip. Therefore, the problem is ill-posed with the specified boundary conditions. The problem can be reduced to a system of integral equations derived from basic properties of holomorphic functions, which are used to prove uniqueness of the considered boundary value problem. An analytical solution of the problem is obtained by applying Fourier transforms. The inversion of the Fourier transform is performed with the use of the Stieltjes integral. This is a non-stable operation, which necessitates the application of a regularisation technique in order to build stable solutions. For numerical implementation we discuss the regularisation procedure based on the singular value decomposition truncation method.
Introduction
Crack detection on the interfaces between dissimilar materials is one of the classic problems in the mechanics of coated bodies. A number of methods, based on different physical phenomena, can be deployed for such problems, among them X-ray, electric and acoustic methods, analysis of frequency response functions and other non-destructive techniques. This paper is devoted to the development of an elastostatic approach, employing displacement monitoring on the stress-free surfaces of an object. A consequence of this is that the boundary value problem (BVP) for an elastic body becomes overdetermined on the stress-free part of the boundary. In contrast, it may be under-determined on the remaining part of the boundary, where the appearance of cracks, due to the uncertainty in the boundary conditions that can be posed there, can be expected. In general, no boundary conditions are required on this part of the boundary as the displacement monitoring of the stress-free boundary provides sufficient information to determine the stress-strain state of the elastic body. We remark that it has been shown by Shvab [1] that this problem can be reduced to a Cauchy problem for the Laplace operator (see also his other paper [2] ; however, note a different spelling of the author's name). The latter problem belongs to a wide class of conditionally well-posed BVPs as its solution in not stable with respect to small perturbations in boundary conditions.
In accordance with Muskhelishvili [3] , there are three main classical types of plane elastic BVP: first fundamental problem: stress vector (or tractions) is given on the entire boundary of the domain; second fundamental problem: displacements (or their contour derivatives) are given on the entire boundary; third (mixed) problem: the stress vector is given on part of the boundary and the displacements on the remaining part.
Other formulations are often found in contact problems, e.g. that derived by Johnson [4] . They assume combinations of stress and displacement components, e.g. normal stress and tangential displacement, or normal displacements and shear stresses. Winkler's type of boundary conditions assumes linear relationships between the normal and shear stress components and the displacement components. In all classical formulations two boundary conditions should be specified on the entire boundary of the plane domain. All these problems are well posed, which means that they possess unique and stable solutions.
Classical problems are not the only BVP that can be considered for a plane elastic domain. There exists quite a wide class of ill-posed problems. For instance, a BVP with incomplete boundary conditions can possess non-unique solutions; see, for example, Galybin and Mukhamediev [5] or Galybin [6] . BVPs with unstable solutions are common in all applications where boundary data are not fully available on the whole boundary of a body (including internal boundaries). This means that the number of scalar boundary conditions is different from the problem dimension, i.e. for plane domain three or four conditions on part of the boundary and respectively one or none on the rest of the boundary. In solid mechanics, such formulations can deal with identification of elastic moduli, model parameters or buried objects, for instance, cracks, inclusions or other defects. One can also mention contributions by Tanaka and Masuda [7] for identification of flaw shape in a body, Gao and Mura [8] for analysing plastic flow near crack tips, Hsieh and Mura [9] for non-destructive cavity identification and Tsvelodub [10] for identification of a non-linear inclusion. See also Kubo [11] for an overview of inverse problems in fracture mechanics, and Bonnet and Constantinescu [12] for a general overview of engineering problems leading to ill-posed formulations.
Methods based on integral equations are often used for solving the above mentioned types of BVPs. See, for instance, Zabaras et al. [13] and Galybin [14] for contact problems, Galybin [15] for a wedgelike elastic domains and Yeih et al. [16] and Bui [17] for providing Fredholm integral equations. Finite element formulations are also common [18] [19] [20] . Regardless of the method of solution, the problem remains ill-posed because of high sensitivity of the solution to small variations of boundary data, which requires the development of different approaches capable of obtaining stable solutions; see Tikhonov and Arsenin [21] for more detail. Such approaches can employ regularisation techniques, iterative methods and algorithms, such as those discussed in the literature [22] [23] [24] [25] . In particular, high efficiency of the singular value decomposition (SVD) truncation method has been confirmed. This study is aimed at the development of a numerical technique for identification of interface cracks in coated bodies and focused on solving an ill-posed problem for an elastic strip. We present a semianalytical approach for the case when the strip is loaded by a concentrated load and the displacements are monitored on the stress-free side, while no boundary conditions are specified on another side. An example of obtaining a stable solution by the SVD regularisation method is provided.
Formulation

Problem description
We consider an elastic base coated by a relatively thin film made of a different elastic material. In many cases when the curvature of the base is not an important factor, it is sufficient to approximate the base by elastic half-plane. The film can then be viewed as a strip of the thickness 2h. It is assumed that the strip is loaded by a concentrated load P directed normal to the surface, as shown in Figure 1 .
Let the strip be fully bonded to the half-plane. Then, in mechanical terms, this indicates continuity of the stress and displacement vectors across the interface under any load applied on the strip surface. As a consequence, the stress distribution along the interface is continuous, as shown in Figure 1(a) . In the case of partial delamination of the interface, the stress distribution becomes discontinuous. For the case of a crack-like delamination the stresses are unbounded at the crack tips, as shown in Figure 1 (b). Note that the stress profiles are qualitative, they vary depending on load applied, thickness and elastic moduli. In any case the stress profiles should provide equilibrium of the strip, in particular the integral of the normal stresses over the interface is equal to the applied load P.
In the case of a fully bonded strip and interface, the solution of the direct problem depicted in Figure  1 (a) can be obtained in analytical form by applying the Fourier transform (FT) with respect to the coordinate along the interface. In particular, it is found in Shevljakov [26] as a special case of multi-layered elastic media. Asymptotic solutions are available in Kaplunov et al. [27] , where references to other papers can be found. Solutions for the case depicted in Figure 1 (b) can only be obtained numerically; examples of the calculations of the stress intensity factors are found in Erdogan and Gupta [28] ; see also the handbook by Murakami [29] and references therein.
Apart from a special case of loading reported by Khrapkov [30] , none of the references above supply data on the displacement distribution along the upper surface of the strip; this is the information we need to formulate the ill-posed problem formulated below. The direct solutions are out of the scope of this paper since we intend to use data on displacement monitoring on the upper side of the strip as the additional boundary conditions that will enable us to calculate the stress-state of the strip. However, the solution of the first BVP is presented in Appendix B, providing the possibility to use it for the generation of synthetic data on displacement monitoring in future research.
The Kolosov-Muskhelishvili formulae for the stress and displacement components in a Cartesian coordinate system Oxy are as follows [3] :
Here s x , s y , t xy are the stress components, and u and v are displacement components along the x and y axes, respectively, G is shear modulus, k is equal to (3 2 4n) for the plain stress and to (3 2n)/(1 +n) for the plane stress conditions, where n is Poisson's ratio. Let t be a point on a contour. Then the stress vector, N+iT, and the contour derivative of the displacement vector, u#+iv#, on the contour have the form (e.g. Muskhelishvili [3] ): The angle u is the angle between the tangent to the contour passing through the point t and the positive direction of the x-axis of an arbitrary situated Cartesian coordinate system Oxy. This angle is counted anti-clockwise, and can be express through the contour derivatives as follows:
The function D(t) is the boundary value of the complex stress deviator function
where for the sake of convenience we introduced another holomorphic function
By summing the equations in equation (2) one finds:
Therefore the boundary value of the complex potential is fully defined by the displacement and the stress vector. A somewhat similar expression can be derived for the internal points:
where u
x are derivatives of the displacement vector in the direction of the real axis.
Auxiliary problem for holomorphic functions
Let us consider a smooth closed contour G that separates the entire complex plane into interior X + and exterior X 2 regions. Let a complex-valued function j(t) satisfying the Holder condition be given on G. It is known (e.g. Gakhov [31] ) that the function j(t) is the boundary value of holomorphic functions j 6 (z) in X 6 if and only if:
Here and subsequently the signs '6' are chosen according to j 6 (z), i.e. z2X
6 . If j(') 6 ¼ 0 then equation (8) remains valid for X + but should be corrected for X 2 by adding j(')=2to the left-hand side. It is also valid if the contour G is an arbitrary smooth curve going to infinity, e.g. the real (or imaginary) axis.
We further separate the contour into two non-intersecting parts, G 1 and G 2 , such that G = G 1 [ G 2 and consider the following problem. Find a function u
) by its boundary value u + (t)=u 1 (t) (or u 2 (t)=u 1 (t) ) given on a part of the domain boundary G 1 (while nothing is given on the other part G 2 ).
The solution of this problem can be readily obtained by analytical continuation if one has an exact analytical expression for the function j + (z) (or j 2 (z))). However if no analytical expression for them is known and its values are only given on a set of discrete points, then the solution would depend on the way the discrete values were converted into an analytic expression. The question regarding stability of the solution also arises [21] . Even if the exact solution is stable, the method of analytic continuation of the boundary values can affect stability of the solution. Further, we try to find an appropriate approximation for the case of an elastic strip. However, let us first briefly discuss the method of analytic continuation for general domains. It is based on consideration of the integral equations that follow from the basic properties of holomorphic functions.
The integral on the right-hand side of equation (8) can be decomposed into the sum of two integrals over the parts G 1 and G 2 of the whole boundary G. On G 2 , values of the functions j and can be denoted by j 2 (t). Then the following system of integral equations can be obtained from equation (8) for determination of the unknown function j 2 (t):
The equations of the system are of different type. The first can be referred to as from the class of Fredholm's equations, with a kernel that has fixed singularities at the end points. The second is a dominant singular integral equation with the Cauchy type kernel on an open contour. Despite this fact they are equivalent, which can be readily proved as follows. Let j 2 #(t) and j 2 $(t) be two different solutions of the first and second equation, respectively. Then there exist two different holomorphic functions j#(z) and j$(z) that have different boundary values on G 2 . Therefore, their difference j 0 (z) = j#(z) 2 j$(z) is also holomorphic in X + (or X 2 depending on the sign in equation (9)). Bearing in mind that j 0 (t) = 0 on G 1 , one can conclude, in accordance with Muskhelishvili [3] , that j 0 (z) = 0 everywhere in the domain. This confirms that the assumption j 2 #(t) 6 ¼j 2 ##(t) is not valid. Hence j 2 #(t) = j 2 $(t) and that completes the proof. Thus, the first equation can be considered as an alternative regularisation of the dominant singular integral equation (presented by the second equation in equation (9)) performed on a different contour, which is different from the conventional regularisation.
Problem formulation for an elastic strip
Let us consider an elastic strip X = z = x + iy : À'\x\', 0 ł y ł 2h f g with the boundaries
The strip is loaded as shown in Figure 2 , however the stresses on G 2 are unknown. Instead it is assumed that the displacements on the lower boundary are known. Therefore no conditions are prescribed on G 2 and the following boundary conditions take place on G 1 :
where P is the applied (known) load, d(x) is the Dirac delta function and w=w(x) is a known complex valued function. This complex valued function could be subject to errors as the result of measurements and differentiation. It should be noted that the conditions in equation (10) allow for the determination of the tangential stress s x on G 1 , which is as follows:
y Figure 2 . Strip of the thickness 2h under concentrated load P on the lower boundary G 1 and unknown loads Q y (x), Q x (x) on the upper boundary G 2 .
Therefore, all components of stresses, strain and displacements are known on the lower boundary, which indicates a Cauchy-type initial value problem. The above problem can be further reduced to the problem for the determination of the holomorphic function F = F(z) by its known boundary value on G 1 (see previous subsection):
As soon as F(z) is found, it is then possible to formulate a similar problem for the determination of the holomorphic function O(z). Indeed, it follows from the second formula in equations (1), (4) and (11) that on the lower boundary:
As long as both potentials are found this completes the solution.
Solution for the strip
Fourier transform
The FT, F(.), and its inverse, F -1 (.), are specified as follows [32] :
where s is a real parameter (Im(s) = 0). The following property of equation (14) should be mentioned:
In particular, if Y 0 (x) is real valued thenŶ
The Fourier transform of any holomorphic function v(z) = v(x+iy) = v(x, y), with respect to the variable x, can formally be presented in the form:
The rigorous proof follows by applying FT to the Cauchy-Riemann conditions. Indeed, it can be shown that the derivative of any holomorphic function with respect to the complex conjugated variable vanishes, ∂ z v(z) = 0, implying that
In view of the FT properties one notes the following:
Taking into account that F(d(x)) = 1 (hence F -1
(1) = d(x)) one arrives at the following two conditions:
On the boundary G 2
It is worth noting that these equations can readily be derived from the general system (equation (9)); see Appendix A. By applying the inverse FT to equation (21) one finds the following formal solutions for the holomorphic functions everywhere in the strip, including its boundaries:
It is evident from equation (22) that the potentials can be found by analytical continuation, i.e. by replacing the variable x in the boundary conditions by the complex variable z. However, this can only be done if the function w(x) is given in analytical form. Otherwise one needs to calculate the inverse FT of the functionŵ(s)e Àsy (0 ł y ł 2h). In order to exist, the functionŵ(s) should have exponential order at least 22h when s tends to minus infinity. This holds if one considers the first fundamental BVP for the strip; see Appendix B. However for the inverse problems considered here one has to convert the solution to a form suitable for the application of the inverse FT. For this purpose let us seek the displacements on y = 0 as the following integral:
Then bearing in mind the following integrals (e.g. Bateman and Erdelyi [32] ):
by the convolution theorem one finds:
We now make use of equation (25), the convolution theorem and the second integral in equation (24) to evaluate the following integral:
By introducing the substitutions h = e 
where L + 0 (j) is the boundary value of the holomorphic function
Therefore, the solution for the complex potentials in equation (22) can be presented in the form:
Here L(z) is another holomorphic function obtained by the change of variable in the function L 0 (j).
The expressions above present an analytical solution of the problem in terms of the auxiliary function x 0 (j). This should be determined by inversion of the integral equation (23) . By introducing a new function w 0 (j) = w(À y p ln j) one transforms equation (23) to the form of the Stieltjes integral:
Thus, the problem is reduced to the inversion of the Stieltjes transform, which according to Widder [33] , can be presented in the following complex form:
The formulae in equations (28)- (31) complete the solution of the problem for the strip.
Treatment of the surface displacements monitored at discrete points
It should be noted that the representation in equation (30) allows one to use displacement measurements in discrete form in order to determine the auxiliary function x 0 (j) entering into the solution.
Although we have a formal inversion formula (equation (31)), it is not helpful for practical calculations because one needs to convert the discrete data into continuous data. This can be done by a number of ways. For instance, while obtaining solutions for the wedge-like domains, Galybin [15] has shown that the Laguerre polynomials can be used for fitting the data followed by the use of analytical solution similar to equation (31) to obtain the auxiliary function. This, however, does not fully eliminate instability in calculations as the Stieltjes transform belongs to a wide class of Fredholm integral equations of the first kind that, as is well known, is a classic example of the integral equations possessing non-stable solutions [21] . Another way is to find a numerical solution of equation (30) at certain nodes and to use interpolation in order to find smooth approximation for the auxiliary function x 0 (j). It is understood that the displacement measurements cannot be performed over the semi-infinite interval and that the accuracy of the displacement measurements far from the point of concentrated load application is questionable. Therefore, instead of equation (30) let us analyse the following integral equation reduced to a finite contour:
It is evident that equation (32) retains all the features of inverse problems with unstable solutions.
Let us seek the solution of equation (30) in the form of polynomial of nth order with unknown coefficients c k (k = 0, .n) that provides necessary smoothness of the solution:
Substitution of equation (33) into equation (32) results in
The following recurrent formulae can be readily derived:
We use equation (35) to analyse stability of recovering the first four trail functions t k from the solution of the integral equation:
for which the right-hand side is subjected to errors l(y) randomly distributed on (21, 1), e is the level of noise. Let us apply equation (34) to the left-hand side of equation (36) and introduce a set of collocation points g m equidistant on (0, 1). Then equation (36) reduces to the following system of linear algebraic equations for the determination of the unknown coefficients c k :
In all calculations below l m are Gaussian errors and e = 0.05, n = 4, M = 40. The calculations have shown that the solution of equation (37) is highly sensitive to errors. Therefore the SVD regularisation in the form as discussed in detail in Galybin [34] has been applied. The results 
Conclusions
This paper presents the solution of a Cauchy-type problem for plane elasticity in respect of a strip. In contrast to standard formulations, the boundary conditions (stresses) are unknown on one side of the strip, with the displacements given on the other side, which is a stress-free boundary apart from the point of application of the concentrated load. It is shown that this problem has a unique solution. The solution is found by application of the Fourier transform (FT) with respect to the variable directed along the strip boundaries. In contrast to the standard approach, the FT is applied to the Kolosov-Muskhelishvili formulae in order to find two holomorphic functions. They are obtained in analytical form by applying the inverse FT that also requires the inversion of the Stieltjes integral. This presents a numerically unstable operation. It has been shown that the SVD regularisation is capable of providing stable solutions for the inversion of the Stieltjes integral. The results of this study can be used for detection of delamination on the interface between a coating and a substrate, which is important for providing non-destructive control of integrity of coated structures.
Here the opposite signs of the integrals on the right-hand sides of both equations are due to reversing the direction of integration over G 2 .
The kernels in the integrals in equations (A1) and (A2) are of the convolution type. Taking into account that
one obtains the following system of equations after application of FT to equations (A1) and (A2):
It is evident that equation (A4) is equivalent toĵ 1 (s) = e 2hsĵ 2 (s), Q.E.D.
Appendix B First fundamental BVP for the strip
The strip is loaded with normal and shear stresses f 1 (x)=q 1y (x)+iq 1x (x) on G 1 and stresses f 2 (x)=q 2y (x)+iq 2x (x) on G 2 .
Let us apply the FT (equation (14)) to the stress vector and use the properties in equations (15) and (16) . Then on y = 0:
while on y = 2h:
ExcludingÔ(s) from the system of equations (B1) and (B2):
Complex conjugation of equation (B4) followed by the replacement the variable s by -s leads to the following system for the determination ofF(s):
From equation (B5) it follows that
Therefore for 0 ł y ł 2h :
The FT of the potential O(z) is found by substitution of equation (B6) into equation (B3) followed by multiplication by exp(2ys). Therefore the solution of the BVP in terms of the FT is complete. It is evident from the solution that both F(F(z)) and F(O(z)) remain bounded when s!6N, which provides the existence of solution (we assume that the FT of the loads are bounded as well due to physical restrictions). The functions F(F(z)) and F(O(z)) have poles at the pole where the denominator in (B6) vanishes formally, in particular at the origin, s = 0. This indicates that the displacements and their contour derivatives can formally be unbounded when x!6N. This imposes further restrictions on the applied loads to the displacement derivatives bounded. The solution for the displacement vector in terms of the stresses follows from equation (B6) and the FT of equation (7) from the main text. It can be presented as follows: Equation (B8) or (B9) can serve as 'ideal solutions' for generating synthetic data on displacement monitoring on the stress free surface. Let f 2 = 0 and 2h = 1, then on y = 0:
e s sinh (s)f 1 (À s) + sf 1 (s)
For plane stress (1 +k)/2 = 2/(1 +n), by setting s =2ip (where p is a complex parameter) and 2G = E/ (1 +n) (E is Young's modulus), one finds This special case fully coincides with the problem for the strip considered by Khrapkov [30] , who used the bilateral Laplace transform (it is reduced to FT by the substitution s =2ip).
Consider the case of a pair of concentrated normal loads of intensity P 0 that are applied co-axially at the points z = 0 and z = 2ih of the boundary, i.e. f 1 (s) = f 2 (s) = P 0 = const (ImP 0 = 0). Then it follows from equations (B8) and (B9) that À Á P 0 , s ! 0, which justifies the statement that the contour derivatives of the displacements at infinity may vanish.
